In this paper we propose a model for the formation of paths in Argentine Ants when foraging in an empty arena. Based on experimental observations, we will provide a distribution for the random change in direction that they approximately undergo while foraging as a mixture of a Gaussian and a Pareto distribution. By following the principles described in previous work [32], we consider persistence and reinforcement to create a model for the motion of ants in the plane. Numerical simulations based on this model lead to the formation of branched ant-trails analogous to those observed experimentally.
Introduction
A fundamental question in biology is that of understanding how a large scale organization can emerge from the combined actions of the multiple parts composing a biological system (see the books [5] , [8] and [30] ). For instance, animal groups such as ant colonies [13, 18] , fish schools [23, 24] or human crowds [16, 17] often exhibit coordinated behaviors at scales much larger than the scale of the individuals. However the complexity of such collective systems often makes it difficult to precisely identify the important factors that participate in their self-organization. For this reason the development of theoretical methodologies to study complex biological systems is a very active area of research and a rich source of new and interesting mathematical problems.
The large, intricate trail networks formed by multiple species of ants [2, 4, 9, 11, 19] are examples of such complex systems. Patterns that can extend up to a hundred meters from the nest result from the collective activity of thousands of individual workers laying and following pheromone trails as they explore and exploit their environment. Previous studies have shown that ant trail networks, formed by individuals with very limited cognitive capabilities, are nonetheless particularly efficient structures to facilitate the rapid exploitation of resources [1, 6, 7, 9, 12, 20, 21, 33] and the movement of ants across their territory [11] . This raises the following question: how can a group of cognitively limited individuals, with access to partial and local information only, build such efficient, large scale structures? From a mathematical point of view, the question can be reformulated as follows: what is the minimal set of ingredients that a model must incorporate to give rise to networks similar to those of ant colonies? This question can be extended to other self-organized network systems, such as the galleries of ant nests [27] , but also trail systems created by humans [15, 17] .
In order to answer this question, recent experimental and theoretical studies [13, 32, 33] have investigated the individual and collective behaviors of Argentine ants (Linepithema humile) when navigating graphs (i.e., networks of constrained paths). These studies suggest that a mechanism for the formation of ant trails should include an attractive, durable signal (pheromone) as well as motion persistence, that is, the tendency to move straight in the absence of external information. This kind of motion is an example of a reinforced random walk [10, 22, 25] and it is sufficient to reproduce the individual and collective movement patterns of ants on graphs [32] . The role of persistence has been stressed in other biological contexts, such as the motion of cells [28, 29] .
In the present article, we extend upon previous findings [32] by considering the motion of ants in the plane. In this situation, ants can significantly change direction at any point of their motion and not only at discrete points on a graph. Using experimental observations of ants exploring an empty cir-cular arena, we estimate the distribution of their direction changes and the degree of persistence of their motion. Based on this information, we propose a model of the spontaneous motion of ants and we compare it, both qualitatively and quantitatively, to experimental ant paths. We also model the trail-following behavior of ants after the results of [26] . [26] shows that ants turn in response to the current, local pheromone distribution, while their speed is unaffected by the presence of pheromone. The response of ants to the local pheromone distribution follows Weber's Law: the difference between the quantities of pheromone on both sides of an ant divided by their sum determines the magnitude of the ant's turning angle. Their observations are consistent with double bridge experiments but they do not have a complete explanation for the formation of trail networks. Moreover, in [26] there are several differences between real experiments and simulations: the trails obtained in the simulations appear earlier, are more winding and contain more loops. The model shows to what degree trail networks can be explained by the ant response to a single pheromone, leading them to conclude that this response is not sufficient to completely explain the structure of the trails. In our model, we not only consider the pheromone quantities on both sides of an ant, but we instead integrate pheromone concentration over a circular sector that can be thought of as the region that can be reached by the ant's antennae. This new procedure reproduces quite well the branching that is often seen in ant trails and it is not capture by the model proposed in [26] .
As a further level of refinement of the model to respect to previous studies, we introduce elements to avoid overcrowding, running in circles [9] and saturation effects in the response of ants to pheromone concentration. We implement Monte-Carlo simulations of the complete model (motion persistence plus trail-following) and we show that these simple rules are sufficient to create trail networks.
The rest of the article is organized as follows. In Section 2 we present a brief overview of the experimental and numerical methods. In Section 3 we consider the motion of individual ants and analyze the properties of their trajectories. In Sections 4 and 5 we present the implementation of our numerical model for the motion of all ants in the plane and the results of its simulation. Finally, we present our conclusion in Section 6.
Methods
In this section we briefly describe the methods, both experimental and numerical, used in our study.
Experimental Methods
For our experiments, we used Argentine ant colonies (Linepithema humile) collected and subsequently housed on the campus of University Paul Sabatier in Toulouse, France. We perform two types of experiments: individual ants foraging alone and trail formation in the plane as a result of collective behaviour.
In order to evaluate the spontaneous motion of ants (i.e., in the absence of pheromone), we recorded the trajectories of individual ants (n = 40) in a circular arena (25 cm diameter). Ants were placed alone in the center of the arena at the beginning of each experiment and were left free to explore the arena for 2 minutes. Using an automated video algorithm, we recorded the position of each ant every 1/25 second and then computed their velocity (in ms −1 ) and angular deviation (in rads −1 ). See table 1 for a summary of the trajectory statistics.
For the case of trail formation in the plane, we take the experimental setup described and analyzed in [26] . In the experiment, the ants were left free to explore an initially unmarked circular arena (diameter 1 m). The motion of ants in the presence of pheromone and the technical details of tracking have been extensively described therein. We use these results to calibrate the trail-following behavior of ants in our model.
Numerical Methods
We collected data on changes in direction of individual ants from our experiments, and then fitted the data to two commonly used probability distributions. The accuracy of the approximation of experimental data to a given distribution is estimated by means of a statistical test, known as the Kolmogorov-Smirnov(KS) test. In this way, we find an analytical expression for the distribution that fits the behavior of most ants.
When looking at the collective behavior, we consider a given number of ants emerging regularly in time from an orifice at the center of a disc. Then, at each time step, they will undergo a reinforced random walk so that the probability of any individual ant changing direction by an amount ∆θ will be determined by the sum of two contributions: a random one following a specific probability distribution, and one determined by the local concentrations of pheromone. The amount of pheromone at a given point in space is set, by interpolation, from its value in a discrete number of points. More precisely, we create a grid superimposed on the disc, and will keep track of the amount of pheromone at each node of the grid. The value of the amount of pheromone at a given node will be increased each time an ant walks close to it and, as we assume, leaves a pheromone trail with a gaussian concentration profile.
Ants as Random Walkers: Individual Trajectories
We are interested in describing a mathematical model having the minimum number of ingredients so that it fits well with real experiments. Our main assumption is to consider ants as random walkers in the plane when foraging. In the presence of pheromone, such a random walk will be reinforced so that a bias in the choice of direction takes place and the ant progressively tends to move towards regions of large concentration of pheromone. We explain this mechanism more precisely in subsequent sections.
Every ant is represented by its position and velocity. In each time step the ant moves freely as a random walker in the plane with a mean velocity taken from the experiments and a direction that keeps changing according to a probability distribution that will be computed from experimental data. More precisely, by measuring the position of a given ant at regular intervals of time ∆t, we obtain a sequence of positions {x i } N i=1 so that the path followed by the ant can be approximated by the union of segments −−−→ x i x i+1 and the instantaneous velocity can be approximated by
. Along the path, the ant keeps changing direction and, as we show below, such a change in direction takes place according to a very specific probability distribution. In Figure 1 we represent the trajectories derived from all 40 experimentally individual observed ants.
In order to know the distribution of the difference in the direction angles when an ant moves, we do the following. Given the matrix X with the different positions
for each ant (experiments have been performed for 40 different ants), we compute the variation in the direction between one step and the next one as 
. In this way, we obtain a set of angles {α i } for a given ant. Our goal is to show that the sequence {α i } is compatible with sampling according to a probability distribution with two free parameters that we compute and are common to all ants in the experiment (with slightly changing values of the parameters).
If we plot the histogram for the distribution for every ant and compute the p-values, we see that the best fit is not the Normal distribution (see the p-values in table 1). The mismatch with the Normal distribution takes place for large angle variations and the decay is closer to a power-law than to an exponential. The consequence of this decay is the relatively large probability that ants perform sudden turns from time to time. However, if we consider a mixture of both Normal (for |α| < 2σ) and Pareto (in the tails, for |α| > 2σ) distributions (suitably normalized):
the matching with the experimental distribution {α i } is quite good as provided by the so-called p-value in the KS test(see table 1 ). We present in table 1 a comparison for the p-values from the test applied to the Normal distribution and the p-values for the modified mixture Normal+Pareto distribution.
As we can see, the use of the combined Normal/Pareto distribution within a simulation model seems to be a completely reasonable approximation as it captures what 3/4 of the ants do quite well. The appearance of a distribution with power-like decay indicates that there is a significant probability of making very large deviations in the trajectory from time to time. This kind of behavior, sometimes called run-and-tumble, has been observed in other species and is believed to be optimal for exploration purposes since it avoids individuals continually exploring a small region of space in a sort of runningin-circles process [3] . The choice of 2σ as the value of alpha for which we change from Gauss to Pareto distribution is motivated by best fitting to the experimental distributions. Three further observations are relevant when modeling our ants as random walkers:
1) There exists a dependence between the length of each step of the random walk and the deviation angle. The dependence is such that long steps are taken when the deviation is small while short steps are typically associated to a very large deviation. This fact can be seen in table 2 where we compute the correlation coefficients r for each ant for the variables length step and deviation angle. We compute the associated p-values that give the significance of r and we find that all of them are 0 and hence the alternative hypothesis "r is larger than zero" is true.
2) When ants stop they usually take relatively long times before deciding in what direction to make the next move. This can be seen in figure 2 where we represent step number (proportional to time) vs. total length run by the ant. As we can see there are a few jumps corresponding to stops where there is a long duration between short bursts of movement.
3) As we mentioned above, the average of the angle of deviation of the ant taken as a random walker is not zero in general. This might imply a certain tendency to perform circular motion. Whether this circular motion is clockwise or anticlockwise changes during the motion of the ant and from the data it is observed that the change in the sense of rotation typically takes place each 500-1000 steps. Another possible explanation that the observed means are not zero is that we work with a finite random sample.
Taking all this into consideration, we perform Monte Carlo simulations for two ants with somewhat different path patterns and compare such patterns with the result of the experiment (see figures 3 and 4) . Table 2 : Correlation coefficients for all ants to show the inverse relationship between the variables step size and deviation angle. 
Ants in a Petri Disc: Experiment and Numerical Simulations
We perform Monte Carlo simulations of the ant's behavior in a realistic situation. We aim to reproduce, at least qualitatively, the experimental observations reported in [26] concerning ants in a disc.
We turn now to describe the Monte Carlo numerical simulation for the situation described above. We consider 500 ants (in the real experiment the colony has 1000 ants although the number of ants in the disc is not constant in time, see figure 5 ) that depart sequentially from the center of a petri disc with radius equal to 50 cm. They deposit pheromone in every time step.
We also consider evaporation effects as measured in real experiments so that pheromone, once deposited, evaporates according to an exponential law with a mean lifetime of half an hour (this agrees with previous studies, see [31] ). Ants leave the center of the disc with a random initial direction. At every time step and for every ant, we do the following. We compute a vector − → F that is essentially the gradient of the amount of pheromone P around the ant's current position. The ant measures the amount of pheromone at the nodes in a neighborhood of radius 0.4 cm and then computes
where P ant is the amount of pheromone at the node that is closest to the ant's position, P neighbour is the amount of pheromone at the nodes in the neighborhood of the ant,x ant is the current ant position and x neigh is the position of the nodes in the neighborhood of the ant. The factor (1+εP ant )
is introduced in order to take into account the saturation effect, that is, the insensibility of the ant to further increase of pheromone concentration beyond a certain threshold of the order-ε −1 . In order to compute the new direction the ant will move in we introduce a parameter δ that measures the importance of the pheromone-induced reinforcement. Before computing the new direction for the ant we introduce a noise term following the mixed Normal+Pareto distribution. We check if the ant is at the boundary or not. In the case where it reaches the boundary, we project the arrival direction over the tangent to the boundary and declare the new direction to be that of the tangent. Hence, the ant will tend to move along the boundary and will only deviate from it due to a random change in the direction or to the effect of pheromone.
The different values for the parameters are taken from the experiments. From the total length and taking into account the total time of the first experiment, we compute the mean velocity (of the order of 1.90 cm/s). Hence, every time step takes 1/25 seconds and so, one ant leaves the center every 75 time steps in the simulations, since in real experiments it takes aboutaccount that the mean life of the pheromone is 30 minutes and decreases the amount of pheromone at each node in every time step accordingly. Actually, one of our observations is that pheromone evaporation will not play a significant role in the dynamics. The length step is equal to 0.08 cm in the numerical experiments. We remark that not many measurements regarding the response of ants to a given concentration of pheromone are available (see [14] where some information has been obtained very recently for Lasius niger ants choosing path at a bifurcation). Therefore, for our simulations we take reasonable values of the parameters involved that are not directly connected to experiments. Our purpose here is to show that ant trail formation is possible under minimal assumptions. We describe next in a more detailed way some of the ingredients of the numerical simulations.
The Reinforced Random Walk
We treat ants as pure random walkers when they detect an amount of pheromone that is below a certain threshold P thr . The idea is that ants, once out of the nest, start foraging for food and do it following a random walk with the probability distribution for the change in direction described in the previous section and with a mean square deviation σ 0 . The chosen values are: σ 0 = σ/10 = 0.1843/10 = 0.0184 and P thr = 600. The value of P thr is sufficiently large and represents the minimum amount of pheromone inducing the ant to respond to the chemical signals left by fellow ants. Keeping in mind that at each step a particular ant leaves an amount of pheromone of order one according to a Gaussian distribution, so that reaching the threshold at a particular node, does not require the contribution of more than 10-20 ants.
It is only when the ant detects an amount of pheromone concentration beyond a certain threshold that the motion results from a superposition of a random walk (with a probability given by the distribution of the foraging mode but smaller mean square deviation σ < σ 0 ) and reinforcement proportional to the gradient of the amount of pheromone. More precisely, we implement the following formula for the change in direction:
where − → e θ is a unit vector with an angle θ with respect to the old direction that follows the distribution f (θ), δ (we consider δ = 0.01) a coupling parameter and ν is a small parameter (we consider ν = 0.01). Next, we perform a suitable normalization of the new direction. We also impose a restriction for the possible changes in direction; that is the difference between new and old directions. The restriction implies that the change in direction cannot be larger than a certain angle α 0 (we take α 0 = π 3
, similarly as in [26] ). The meaning of this restriction is that ants cannot physically rotate much in the interval of time ∆t ≪ 1. Finally, when measuring the amount of pheromone in the neighborhood of the ant we only consider the points inside a sector with angle α 1 (that we also take as
) around the direction of the ant. This is due to the fact that ants can only measure the amount of pheromone at certain angles that can be reached with the ant's sensors. We do not measure, for instance, the pheromone that the ant is leaving behind.
Pheromone Deposit
While walking, ants deposit pheromone with a concentration given by the following gaussian
where − → x a is the position of the ant and d is a length scale modeling the radius of influence of the deposited pheromone. In order to minimize computational costs we create a 1000 × 1000 grid (with grid spacing h = 0.1 cm) in which our disc is embedded and evaluate dynamically the amount of pheromone at each of the nodes of the grid. From these values it is very simple to provide a good approximation for the amount of pheromone at each point of the disc and hence to compute the vector − → F from formula (4). Actually, formula (5) is the fundamental solution to a diffusion equation at a fixed time. By (5) at any time we are tacitly assuming that pheromone diffusion is so small that the concentration profiles do not evolve in time. This approach has been considered in the literature before (see for instance [9] ).
Behavior at the Boundary
Once an ant reaches the boundary one has to decide in which direction it will continue its path. We consider that the ant will move, in the next step following the tangential direction to the disc but with a random correction that follows a normal distribution. The result is that ants can move along the boundary for some time (as seen in the experiment) but eventually will leave the boundary and follow the path inside the disc. If this does not happen for a large number of steps then the ant will stop depositing pheromone. In fact, in the experiment some ants end up leaving the disc so that they stop being active agents.
Getting Rid of the Cycles
It may happen that an accumulation of pheromone in a certain region of space traps ants and induces them into a circular motion from which they cannot escape. Although this may happen for some time in real experiments (see [9] ), ants should be able to eventually leave such regions. Since such a region of high concentration of pheromone would keep increasing its amount of pheromone (due to the ant's deposit), we impose that once a given threshold of pheromone is reached, the motion of the ant is in the direction of −∇P/|∇P |, so that the ant will tend to escape this region. This escape along the direction of maximum decrease of pheromone can also be understood in terms of avoiding overcrowding: since in a region with a large number of ants an important increase of the amount of pheromone will occur, following the direction of −∇P implies escaping the crowd. Sometimes this escape induces new branches of a forming path.
Finally, we remark that a reinforcement so that a change in the direction is produced according to ∇F (P ), where F (P ) is an increasing function for P smaller than a certain threshold and a decreasing function for P larger than that threshold, will produce the same effect as described above.
Discussion of the Numerical Simulations in the Plane
We have implemented the model described above first with N = 500 ants. A critical parameter is δ, since it couples the pheromone-induced reinforcement to random motion. In figures 6-7 we represent the amount of pheromone and the times that ants have visited each node of the grid, for various values of δ and after a time t = 800 seconds after the first ant has been released. Notice that for δ = 0 the distribution pheromone is radially symmetric so that no specific path is created or followed by the ants and the collective behavior is essentially diffusive (as that of a simple random walk). On the contrary, for δ > 0 paths start to be created, preferably between the center of the disc and the boundary.
If one follows the evolution in time (see figure 7 ) the process of path formation and ramification can be identified. In figure 7 we represent the evolution for N = 500 at the number of steps 10000, 20000, 30000 and 40000, which in physical terms corresponds to 400, 800, 1200 and 1600 seconds. Notice that at the early stages the behavior is diffusive, with the highest concentration of pheromone at the center of the disc, but an instability eventually develops and filamentary structures start to be created and progressively reinforced until a ramified network of paths between the disc center and the boundary is formed.
Conclusions
We have presented a model for ants to simulate their behavior when foraging and the formation of trails in the plane. Following the ideas presented in [32] we have considered the combination of reinforcement and persistence. That is, we treat ants as reinforced random walkers, where the probability of moving in a specific direction is influenced by the concentration of pheromone near them, and we have also taken into account persistence, that is the tendency to preferably follow straight directions in the absence of any external effect. These are the key ingredients for our model.
Based on experimental observations, we have provided a distribution for the random change in direction that ants approximately undergo while foraging. Instead of considering a response to pheromone concentration in the form of a Weber's Law as in [26] , we have integrated pheromone concentration over a circular sector that can be thought of as the region that can be reached with the ant's antennae by turning its head. The Monte Carlo simulations show that after 20 minutes a branch-like pattern of trails has clearly developed. After that, ants reinforce both the trails and the boundary, as is the case for real experiments. This is just a first approximation to the understanding of trail formation in ants. Further experiments and research are being performed by one of the authors and will explain exhaustively the first moments of ant exploration. 
